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We obtain a strong solution in charge critical space L2(R) of the Thirring system and
Federbusch equations in one space dimension by using solution representation of the
models. The uniqueness is obtained for the solution Ψ ∈ L∞([0, T ]; L2(R)∩ L4(R)). A decay
of local charge and asymptotic behavior of the ﬁeld can be shown directly.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
In this paper we are interested in global strong solutions in scale invariant space of the Thirring model [1]
−iγ μ∂μΨ =
(
Ψ †γ 0γ μΨ
)
γμΨ,
Ψ (0, x) = ψ(x). (1.1)
We are concerned with the Minkowski space time with metric gμν = diag(1,−1). The summation convention is used for
summing over repeated indices. Greek indices are used to denote 0, 1. We denote space time derivatives by ∂0 = ∂t , ∂1 = ∂x .
Ψ denotes a 2-spinor ﬁeld deﬁned on R1+1 which is represented as a column vector and Ψ † = (Ψ 1,Ψ 2) denotes the
complex conjugate transpose of Ψ . The Dirac gamma matrices γ μ satisfy the anticommutation relation:
γ μγ ν + γ νγ μ = 2gμν I,












The system (1.1) has the charge conservation∥∥Ψ (t, ·)∥∥L2(R) = ‖ψ‖L2(R). (1.2)
The global existence of solution to (1.1) was studied in [2,3] in terms of Sobolev space Hs (s  1). Time asymptotic
behavior of the solution was studied in [4]. Recently, low regularity well-posedness was discussed in [5] showing that there
exist a time T > 0 and solution Ψ ∈ C([0, T ], Hs(R)) (s > 0) of the Cauchy problem (1.1). The solution is constructed in a
certain subspace of C([0, T ], Hs(R)). They also showed that there exists a unique global solution Ψ ∈ C([0,∞), Hs(R)) for
s > 1/2. In higher dimensions, several authors [6–8] have studied nonlinear Dirac equations.
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Ψ λ(t, x) = λΨ (λ2t, λ2x),
from which we deduce a scale invariant Lebesgue space L2(R) which corresponds to the charge (1.2) of the system. We
call a solution Ψ ∈ C([0, T ]; L2(R)) by charge solution. Here we will show the existence of global strong solutions in charge
space by using rather elementary and interesting approach. The following are our main results (see Deﬁnition 2.1 and
Remark 2.2).
Theorem 1.1. For the initial data ψ j ∈ L2(R) ( j = 1,2), there exists a global strong solution Ψ = (Ψ1,Ψ2) to the initial value problem
(1.1) which satisﬁes
Ψ ∈ C([0,∞); L2(R)).
Remark 1.2. We can also construct a global strong solution Ψ ∈ C([0,∞); L2(R) ∩ Lp(R)) corresponding to initial data
ψ ∈ L2(R) ∩ Lp(R) (2 < p < ∞).
Theorem 1.3. Let Ψ and Φ be solutions of (1.1) in the distribution sense with same initial data. Moreover we assume that
Ψ,Φ ∈ L∞([0, T ]; L2(R) ∩ Lr(R)) for r  4.
Then we have ‖(Ψ − Φ)(t, ·)‖L2(R) = 0 for 0 t  T .
Remark 1.4. Remark 1.2 and Theorem 1.3 say that a weak solution to the initial value problem (1.1) for initial data ψ ∈
L2(R) ∩ Lr(R) (r  4) is unique and is in fact a well-posed solution.








Ψ †γ 0γ μΨ
)
γμΦ,
Ψ (0, x) = ψ(x), Φ(0, x) = φ(x). (1.3)
In Section 2, the existence of global strong solution is proved. In Section 3, we prove uniqueness of the solution and
continuous dependence on initial data. Some asymptotic behaviors of solutions are also discussed.
2. Existence of global charge solutions
In this section, we show the existence of global charge solutions for Cauchy problem of Thirring equations (1.1). First we
ﬁnd a solution representation. It is interesting to express the solution of nonlinear partial differential equations in terms of
initial data. Then global strong solutions can be constructed by using explicit representation.
2.1. Representation of classical solutions
Here we give an explicit representation of the solution to Thirring equations in terms of initial data. We adapt directly
the argument given in [9] where explicit solutions to the nonlinear Dirac equations have been obtained. In this subsection,
we consider C∞((0, T ) ×R) solutions which satisfy equations in the classical sense.
Considering γ0 = γ 0 and γ1 = −γ 1, we may rewrite Eq. (1.1) as
∂tΨ1 + ∂xΨ2 = i|Ψ |2Ψ1 − i2Re(Ψ 1Ψ2)Ψ2,
∂tΨ2 + ∂xΨ1 = i|Ψ |2Ψ2 − i2Re(Ψ 1Ψ2)Ψ1,
where |Ψ |2 = |Ψ1|2 + |Ψ2|2. With the notations U1 = Ψ1 + Ψ2 and U2 = Ψ1 − Ψ2, we have
∂tU1 + ∂xU1 = i|U2|2U1,
∂tU2 − ∂xU2 = i|U1|2U2, (2.1)
with the initial data U1(0, x) = u1(x) = (ψ1 + ψ2)(x), U2(0, x) = u2(x) = (ψ1 − ψ2)(x). From now on, we consider Eqs. (2.1)
which are equivalent to (1.1). Integrating (2.1) along the outgoing and ingoing characteristics, we arrive at





∣∣U2(s, x− t + s)∣∣2 ds
)
,





∣∣U1(s, x+ t − s)∣∣2 ds
)
. (2.2)
Taking into account∣∣U1(t, x)∣∣= ∣∣u1(x− t)∣∣, ∣∣U2(t, x)∣∣= ∣∣u2(x+ t)∣∣,
Eqs. (2.2) become
































Remark. We can derive solution representation of the Federbusch equations (1.3). Denoting U1 = Ψ1 + Ψ2, U2 = Ψ1 − Ψ2
and V1 = Φ1 + Φ2, V2 = Φ1 − Φ2, we have from (1.3)
∂tU1 + ∂xU1 = i|V2|2U1, ∂tU2 − ∂xU2 = i|V1|2U2,
∂t V1 + ∂xV1 = i|U2|2V1, ∂t V2 − ∂xV2 = i|U1|2V2.
Through the similar calculation done to the Thirring equations we conclude





∣∣(φ1 − φ2)(x− t + 2s)∣∣2 ds
)
,





∣∣(φ1 + φ2)(x+ t − 2s)∣∣2 ds
)
,





∣∣(ψ1 − ψ2)(x− t + 2s)∣∣2 ds
)
,





∣∣(ψ1 + ψ2)(x+ t − 2s)∣∣2 ds
)
. (2.4)
2.2. Global charge solutions
For the initial data v j ∈ L2(R) ( j = 1,2), we propose that the following functions V j are the global strong solution of
Thirring equations (1.1):


















Note that the above formula follows representation (2.3).
For the smooth function sequences {u(n)j }∞n=1 ( j = 1,2) which converge u(n)j → v j in L2(R) as n → ∞, we consider a
sequence of classical solutions U (n)j of Thirring equations (1.1). First of all, we estimate the difference of (V j,U
(n)
j ). Using
the representations (2.3) and (2.5), we have





































(|v2|2 − ∣∣u(n)2 ∣∣2)(y)dy
∣∣∣∣∣,




∣∣(v1 − u(n)1 )(x− t)∣∣p dx
) 1
p
= ∥∥v1 − u(n)1 ∥∥Lp(R).































∥∥v2 − u(n)2 ∥∥L2(R)(‖v2‖L2(R) + ∥∥u(n)2 ∥∥L2(R)).
Then we conclude∥∥(V1 − U (n)1 )(t)∥∥Lp  ∥∥v1 − u(n)1 ∥∥Lp + ‖v1‖Lp∥∥v2 − u(n)2 ∥∥L2(‖v2‖L2 + ∥∥u(n)2 ∥∥L2). (2.6)
Now we introduce a strong solution of the Cauchy problem (2.1).
Deﬁnition 2.1. Consider the Cauchy problem (2.1) with initial data v = (v1, v2) ∈ L2(R). It is said that V = (V1, V2) is a
strong solution to the Cauchy problem on the time interval [0, T ] provided that
(V1, V2) ∈ C
( [0, T ]; L2(R)) (2.7)





V1∂tφ + V1∂xφ + i|V2|2V1φ dxdt +
∫
R






V2∂tφ − V2∂xφ + i|V1|2V2φ dxdt +
∫
R
v2(x)φ(0, x)dx = 0. (2.9)
Remark 2.2. We say that V is a weak solution if V ∈ L∞([0, T ]; L2(R)) satisﬁes Eqs. (2.1) in the sense of distribution.
In the remaining part of this section, we prove that V = (V1, V2) is a strong solution to the Cauchy problem (2.1). It is
easy to check (2.7) by the representation (2.5). Considering that a classical solution to (2.1) is a strong solution, we have














V1 − U (n)1
)
(∂tφ + ∂xφ) + i







= (1) + (2) + (3).
The integrals (1) and (3) can be treated easily as follows:∣∣(1)∣∣ T sup
0tT
∥∥(V1 − U (n)1 )(t, ·)∥∥L2 sup
0tT
(∥∥∂tφ(t, ·)∥∥L2 + ∥∥∂xφ(t, ·)∥∥L2),∣∣(3)∣∣ ∥∥(v1 − u(n)1 )∥∥L2∥∥φ(0, ·)∥∥L2 .
Considering (2.6), we have |(1)| + |(3)| → 0 as n → ∞. To take care of (2), we decompose the integral by using representa-


























































= I+ II+ III.















































(‖v2‖L2 + ∥∥u(n)2 ∥∥L2)∥∥v2 − u(n)2 ∥∥L2 , (2.10)
where M = supΣT |φ(t, x)| and ΣT = {(x, t) | x ∈ R, −T  t  T }. Taking into account |eix − eiy|  |x − y| for x, y ∈ R, the
ﬁrst integral can be controlled





































(∥∥u(n)2 ∥∥L2 + ‖v2‖L2)∥∥v2 − u(n)2 ∥∥L2∥∥u(n)2 ∥∥2L2∥∥u(n)1 ∥∥2L2 . (2.11)
Inequalities (2.10) and (2.11) give us |(1)| → 0 as n → ∞. Then we conclude that (2.8) holds. The equality (2.9) can be
checked in a similar way.
3. Uniqueness
Here we prove Theorem 1.3 which shows the uniqueness of strong solutions in Section 2. Then well-posedness of solu-
tions to (2.1) is established because continuous dependence of the solution on initial data can be easily checked through
the representation (2.5).
Let U j and V j be two strong solutions of (2.1) with the same initial data. We deﬁne ω j = U j − V j . Then we have
equations for ω j
∂tω1 + ∂xω1 = i|U2|2ω1 + iU2V1ω2 + iV1V 2ω2, (3.1)
∂tω2 − ∂xω2 = i|U1|2ω2 + iU1V2ω1 + iV2V 1ω1. (3.2)
Multiplying (3.1), (3.2) by ω1, ω2 respectively and taking the real parts, we obtain
∂t |ω1|2 + ∂x|ω1|2 = 2 Im(U 2V 1ω1ω2) + 2 Im(V2V 1ω1ω2),
∂t |ω2|2 − ∂x|ω2|2 = 2 Im(U 1V 2ω2ω1) + 2 Im(V1V 2ω2ω1). (3.3)
Now we introduce lemma given in [10]. Consider the following equations on the time interval [−L, L]
(∂t + ∂x)v+ = f+,
(∂t − ∂x)v− = f−. (3.4)
Lemma 3.1. Suppose that f± ∈ L1([−L, L]×R) and v± ∈ L∞([−L, L]; L2(R)) satisfy (3.4) in the sense of distribution, that is, for any










(φt − φx)v− + φ f− dxdt = 0.






















∣∣ f−(t, y)∣∣dy dt, (3.5)
and
































∣∣ f+(t, x)∣∣dxdt. (3.6)
Now we are ready to prove Theorem 1.3. Applying (3.5) to (3.3) and considering ω j(0, x) = 0, we have
L−t∫
−L+t





∣∣UVω1ω2(s, y)∣∣+ ∣∣V1V2ω1ω2(s, y)∣∣dy ds
 2
(‖UV ‖L2(DL) + ‖V1V2‖L2(DL))‖ω1ω2‖L2(DL),
L−t∫
−L+t
∣∣ω2(t, y)∣∣2 dy  2(‖UV ‖L2(DL) + ‖V1V2‖L2(DL))‖ω1ω2‖L2(DL), (3.7)






































(|ω1|2 + |ω2|2)(t, y)dy
)(‖UV ‖L2(DL) + ‖V1V2‖L2(DL))‖ω1ω2‖L2(DL).
Now combined with (3.7), we arrive at
‖ω1ω2‖2L2(DL)  4
(‖UV ‖L2(DL) + ‖V1V2‖L2(DL))2‖ω1ω2‖2L2(DL). (3.8)
We have, for suﬃciently small L,






then the inequality (3.8) implies ‖ω1ω2‖L2(DL) = 0. Finally, inequality (3.7) gives us ω j ≡ 0 in DL .
In the remaining part, we derive some asymptotic behaviors of the solution to Thirring equations. First we can derive
from the explicit representation (2.5)(|V1|2 + |V2|2)(t, x) = ∣∣v1(x− t)∣∣2 + ∣∣v2(x+ t)∣∣2. (3.9)
Then integrating it on (l, r) we can check a decay of the local charge in spite of the conservation of total charge (1.2)
r∫ (|V1|2 + |V2|2)(t, x)dx → 0 as t → ∞.
l
520 H. Huh / J. Math. Anal. Appl. 381 (2011) 513–520Also the representation (2.5) with initial data v j ∈ L2 ∩ L4 of compact support gives a pointwise decay for a ﬁxed point x0
lim|t|→∞
(|V1|2 + |V2|2)(t, x0) = 0.
Similar asymptotic behaviors for the Federbusch equations (1.3) can be derived through the representation (2.4).
Acknowledgment
This research was supported by Basic Science Research Program through the National Research Foundation of Korea (NRF) funded by the Ministry of
Education, Science and Technology (2009-0086382).
References
[1] W.E. Thirring, A soluble relativistic ﬁeld theory, Ann. Phys. 3 (1958) 91–112.
[2] V. Delgado, Global solutions of the Cauchy problem for the (classical) coupled Maxwell–Dirac and other nonlinear Dirac equations in one space
dimension, Proc. Amer. Math. Soc. 69 (2) (1978) 289–296.
[3] E. Salusti, A. Tesei, On a semi-group approach to quantum ﬁeld equations, Nuovo Cimento A 11 (1971) 122–138.
[4] J.-P. Dias, M. Figueira, Time decay for the solutions of a nonlinear Dirac equation, Ric. Mat. 35 (1981) 308–316.
[5] S. Selberg, A. Tesfahun, Low regularity well-posedness for some nonlinear Dirac equations in one space dimension, Differential Integral Equa-
tions 23 (3–4) (2010) 265–278.
[6] N. Bournaveas, Local and global solutions for a nonlinear Dirac system, Adv. Differential Equations 9 (5–6) (2004) 677–698.
[7] N. Bournaveas, Local well-posedness for a nonlinear Dirac equation in spaces of almost critical dimension, Discrete Contin. Dyn. Syst. 20 (3) (2008)
605–616.
[8] M. Escobedo, L. Vega, A semilinear Dirac equation in Hs(R3) for s > 1, SIAM J. Math. Anal. 28 (2) (1997) 338–362.
[9] S. Machihara, T. Omoso, The explicit solutions to the nonlinear Dirac equation and Dirac–Klein–Gordon equation, Ric. Mat. 56 (1) (2007) 19–30.
[10] Y. Zhou, Uniqueness of weak solutions in 1+ 1 dimensional wave maps, Math. Z. 232 (1999) 707–719.
